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Abstract Alkali cation microhydration clusters M+(H2O)n,
n≤24, M = Na, K, Cs, have been globally optimised, using
a specialised version of genetic algorithms and the common
TIP4P/OPLS model potential. The results constitute a first
unbiased and systematic overview on structures of alkali
cation microhydration clusters. Simple reasons for differ-
ing structural trends could be provided. Dodecahedral cages
occur, but do not play as prominent a role as frequently
believed. In particular, they do not seem to determine the
occurrence of magic numbers. A structural pattern all magic
number cluster structures do have in common is that only
three and/or four-coordinated water molecules can be ob-
served. Molecular dynamics simulations were run in the canon-
ical ensemble, and free energy differences of dissociating
clusters were obtained, with dodecahedral cages again show-
ing no special feature. Structures containing only three and/or
four-coordinated water molecules, however, are more stable
than others thus arriving at a possible explanation for magic
numbers.

Keywords Global optimisation · Solvation · Clathrates ·
Hydrogen bonds · Constrained molecular dynamics · Free
energy

1 Introduction

Water may doubtlessly be regarded as the most important
solvent on earth. Despite the abundance of literature on this
topic even systems like simple ions, for instance alkali cations,
solvated by water are still difficult to simulate theoretically
and hence are still not completely understood. A simpli-
fied approach is the microsolvation clusters M+(H2O)n (with
M = Li, Na, K, Rb, Cs and n = 1, 2, . . .) in the gas phase
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[1,2], since their reduced and controlled size promises an
easier treatment. Indeed, it was found that small “nanodro-
plets” of water molecules can also provide a suitable medium
for the investigation of a wide variety of aqueous reactions
(see ref. [3] and references therein). Also these systems are
accessible both experimentally (see the review articles [3–6]
and refs. [7,8]) and theoretically (on moderate ab-initio levels
[9,10] and with empirical potentials [11–15], see also further
literature cited in these articles).

From the beginning of these experimental investigations,
it was found that clusters with certain values of n are “magic
numbers” (in particular n = 20, but to a lesser degree also
various smaller and larger values), i.e. they occur with in-
creased abundance, compared to their immediate neighbours
n − 1 and n + 1. The existence of magic numbers in these
systems is usually explained with the possible formation of
cage inclusion compounds, in particular that of a dodeca-
hedron of water molecules around the cation in the centre
at n = 20. This so-called dodecahedron hypothesis is often
ascribed to Holland and Castleman [16] but definitely has a
longer history (see citations in Kassner and Hagen [17]). This
type of cage structures, predominantly those with hydropho-
bic guest molecules, is well known in the extended solid state
as clathrate hydrates. They can be found in a vast number of
natural and technological processes [18,19] and hence are
examined both experimentally (see, e.g. ref. [20] and refer-
ences therein) and theoretically (see, e.g. [21] and references
therein). Therefore, this explanation had a natural appeal and
in consequence served as ad hoc hypothesis in many contexts,
from ab initio calculations [22] and rationalisation of micro-
solvation experiments [7,23,24] up to attempts to understand
solvation of hydrophobic groups in the gas phase [8] and in
liquid [25,26].

Nevertheless this explanation retained its hypothetical
status as it suffered from some shortcomings [27]. In par-
ticular, it cannot explain the common observation [7] that
n = 20 is a magic number for M = K, Rb, Cs, but not for M =
Na. In fact, this is no artefact of limited-size microsolvation
clusters as bulk solvation simulations indicated character-
istical differences between Na+ and K+ (see ref. [28] and
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references therein). In addition to the attachment of labels
like “structure-making” or “structure-breaking” no detailed
explanations for these differences appear to be available, even
though biological systems like ion channels in cell mem-
branes may rely on them.

Methods which can be used for global geometry opti-
misation of cluster structures are in general fairly expensive
[29,30]. Genetic algorithm [31–36,38] are a relatively new
method for global geometry optimisation of cluster struc-
tures. Compared to the other global optimisation methods,
genetic algorithms are very reliable in finding the global min-
imum while being fairly cheap.

Another advantage of some global geometry
optimisation methods is that in practice they yield not only
the global minimum energy structures, but also an extensive
list of low-energy minimum structures. Nevertheless, they
only yield a static picture at 0K. Hence it is often argued
that in principle global geometry optimisation of a system
is irrelevant, as it is not directly comparable to experiment,
because (1) experiments are performed above 0K where a
Boltzmann distribution of isomers exists and (2) no informa-
tion on entropy and kinetic effects can be obtained by a plain
geometry optimisation. Therefore a better approach would be
a full, statistically complete, molecular dynamics or Monte
Carlo simulation. Whereas it is possible to gain pieces of
information from single molecular dynamics or Monte Carlo
trajectories, a study of statistically correct molecular dynam-
ics or Monte Carlo simulation of clusters of this size is still
very expensive. One solution would be to combine global
geometry optimisation with molecular dynamics simulation
and hence gain information on the important regions in con-
figuration space which are likely to be most relevant for a
dynamical simulation. In this way it is possible to get a rela-
tively complete overview on the dynamics of these systems
on a reasonable time-scale. This approach was chosen in this
study.

The aim of this work was to gain structural information
about alkali cation microhydration clusters, i.e. Na+(H2O)n,
K+(H2O)n and Cs+(H2O)n with 4 ≤ n ≤ 24, both in general
and with a special focus on magic numbers and cage inclu-
sion structures. First a brief overview on the methods used
will be given. We will then present the obtained results. The
latter section is split according to the results obtained from
global geometry optimisation and molecular dynamics simu-
lation. In a final concluding chapter we will give an overview
of how these two methods work together and whether or not
additional conclusions can be drawn using this combination.

2 Computational methods

An eligible level for the computation of these systems would
of course be direct ab initio simulation of bulk solvation,
including an extensive treatment of electron correlation and a
quantum mechanical treatment of at least the nuclear degrees
of freedom involved in hydrogen bonds. However, this is
impossible to realise, even in the near future. Consequently

both an MD-style approach and a reliable global geometry
optimisation at a really appropriate level of electronic struc-
ture theory still range at the border to the impossible. Hence
the problem had to be tackled from the other end: we applied
geometry optimisation to our systems of interest using a com-
mon model potential, subsequently utilising the structural
information for ensuing molecular dynamics simulations. We
emphasise that this is a first step only, nevertheless reliable
and convenient: on this level of theory, the global minimum
structures can be found with sufficient reliability in practice.
Furthermore, the simple nature of the model potential and
its restriction to a few separate interaction terms allow for
a direct connection of features of the model potential to the
cluster structures found, thus arriving at simple explanations
for structural trends and also for the dynamics of the struc-
tures which allows to build an interesting basis for compar-
ison for future studies on better model potentials and on the
ab initio level.

2.1 Model potential

For water–water and water–ion interactions, the well-known
TIP4P/OPLS model is used [39,40]. In this model, the water
monomers are rigid, while interactions between two mono-
mers m and n are described by a pair potential, see Equ. 1,
consisting of a Lennard-Jones term between the locations
of the oxygen atoms and of Coulomb terms between partial
charges on the hydrogen atoms and on a dummy site Z on the
HOH-angle bisector, somewhat off the oxygen atom:

vmn =
∑

i∈m

∑

j∈n

qiqj

rij

+ Amn

r12
OO

− Cmn

r6
OO

. (1)

Water–cation interactions are modelled similarly, with the ion
being treated like a water oxygen atom, except that it has a
full charge of +1.0 assigned to its location. The parameters
for Na+, K+ and Cs+ are taken from the literature [41,42]
and calculated according to ref. [27]. For the justification of
using this particular model potential for the global geometry
optimisation see also ref. [27].

2.2 Cluster structure: global geometry optimisation

Global cluster geometry optimisation employing genetic
algorithms (GA) has been pioneered in our lab [31] and
developed into a reliable and efficient tool for atomic [33]
and molecular [34] clusters (see also the overviews in refs.
[43,44]). Applications have ranged from pure atomic rare
gas clusters [32,33] to mixed molecular clusters [36] using
empirical potentials [38] and DFT calculations [45] all the
way to full ab initio studies [35].

The version used in the present work and in our earlier
investigation of the related Na+(H2O)n system [36] is largely
identical to the algorithm described in detail in our bench-
mark application to pure water clusters [34]. A few minor
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technical items have been modified, as described in ref. [36].
The parameters used (population sizes, mutation rates, etc.)
are also identical to those described and tested in ref. [34]. As
demonstrated there, this enables us to reach reasonable levels
of confidence in having actually located the global minima,
up to cluster sizes of approximately n = 22–25, within a few
days of CPU time per run on a single Pentium III processor.

2.3 Cluster dynamics: molecular dynamics simulation

As already explained above, we combined global geometry
optimisation with molecular dynamics simulation.We simply
used the various global minima as well as some selected local
minimum energy structures obtained by the global
optimisation as input geometries for the molecular dynam-
ics simulations. This provides a method of investigating the
dynamics on the potential energy surface in the region of the
global and low-lying local minimum energy structures with
rather short and simple MD runs, without the need for unreal-
istically high temperatures or advanced sampling techniques
to overcome high barriers between various regions of config-
uration space, since we can rely on the global optimisation
to have done this work already.

For the purpose of this study, we have written a rigid-body
MD routine of our own which contains exactly the features we
need and employs exactly the same model potential as used
in our global geometry optimisations. The standard velocity
Verlet algorithm [46] was used for translational motion and a
velocityVerlet-like algorithm (described in detail in ref. [47])
for rotational motion. The aim of our MD simulations was
twofold: investigation of general structural stability of many
of our clusters at various temperatures and detailed compar-
isons of dissociation behaviour of different structures near
magic number sizes. For the first purpose, we implemented
theAnderson thermostat ([54] and references therein). For the
second purpose, we additionally implemented constrained
dynamics, to enforce the target reactions within short simu-
lation times and calculate free energies of dissociation easily.
Following standard procedures described in detail in refs.
[48–50], a given reaction path is followed stepwise by
imposing constraints at each step, using Lagrangian multi-
pliers and the RATTLE scheme [51]. The average constraint
force 〈F 〉 at each step can be calculated directly from these
Lagrangian multipliers. Integration of the force as a function
of the distance along the reaction path then yields the free
energy �G. As a first example, we focus on the dissociation
of single water molecules, which also has the advantage of
making this procedure particularly simple.

3 Results and discussion

For the systems M+(H2O)n, where M = Na, K, Cs, and for
each value of n in the range 3 ≤ n ≤ 25 we have performed at
least eight global optimisation runs, in special cases up to 60.
Most of the raw results and some of their interpretation have

already been published elsewhere [27,54]. For completeness
and easy reference we briefly summarise the central parts of
these findings here. We then give a new analysis and inter-
pretation of these results which will turn out to be of central
relevance to the dynamics and the issue of magic numbers.
This will be followed by a detailed discussion of character-
istic dynamics of the investigated structures in Sect. 3.1.2.

3.1 Global minima for various cluster sizes

An extensive global geometry optimisation study has been
performed for the alkali cation microsolvation clusters M+
(H2O)n, with M = Na, K, Cs, and reasons have been pro-
vided for the structural trends observed in refs. [27,52,54].
A detailed set of structural data can be found in references
[27,54] whereas coordinate files and energy values of all
global minima and many low-energy local minima are
available from the authors upon request. A suitable basis for
explanation of many structural features is an analysis of ori-
entation-dependent pair interactions, as given in detail in refs.
[27,54].

This analysis shows that the decisive feature is a deli-
cate balance between optimal orientation of water molecules
towards the cation, which makes it difficult for these water
molecules to form hydrogen bonds with neighbouring water
molecules, and optimal orientation of water molecules for
hydrogen bonding, which leaves them in a less-than-optimal
orientation towards the cation. The size of the cation then
determines the energy cost for re-orientation of first- and sec-
ond shell water molecules and thus determines whether this
balance tips one way or the other. From this, all the observed
structural trends can be explained.

The sodium cation is small and hence has a strong and
far-reaching orientational influence on the surrounding water
molecules. At least in smaller clusters, this cannot be com-
pensated by the formation of a sufficient number of hydro-
gen bonds. Therefore, water network cages are not preferred
around a sodium cation; in particular, the dodecahedron local
minimum at n = 20 is not even of low energy. Instead, two
other structural principles dominate: either the sodium cation
sits in the centre of the cluster, with most of the water mol-
ecules oriented towards it, or it takes an off-centre position,
with most of the water molecules forming a network around a
first-shell water molecule. Direct competition between these
two structural principles prevents obvious shell closures in
any of them. This constitutes an explanation for the com-
pletely missing magic numbers in the sodium case [36].

The caesium cation is much larger. Therefore, even in
its first shell non-optimal orientations of water molecules
towards the cation are easily compensated by hydrogen bond
formation. Hence, it is no surprise that even in the smallest
clusters water rings form. For growing clusters, the water
rings do not grow significantly, but rather four-, five- and
six-membered rings join up. This can be interpreted as an
optimisation of the balance between maximising the number
of hydrogen bonds and minimising the ring strain. This ten-
dency naturally leads towards clathrate-like cage structures.
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Table 1 Numbers and types of different molecules present in the global minimum structures of M+(H2O)n, M = Na, K, Cs (see text for explanation
of the categorisation)

n 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Na+(H2O)n
Single 4 5 – 1 1 1 – 1 – – – – – – – – – –
A – – – – – – – – – – – – – – – – – –
D – – 4 4 3 2 2 2 2 – – – – – – – – 2
DA – – – – 1 1 2 1 1 1 – 1 1 1 1 2 1 –
AA – – 2 1 – – – – – – – – – – – – – –
DD – – – – – – – 1 1 2 – 2 1 2 2 2 2 1
DDA – – – – – 1 2 1 2 3 7 4 6 5 3 4 5 4
DAA – – – – 3 4 4 5 6 7 7 8 8 9 8 8 9 9
DDAA – – – – – – – – – – – – – – 3 3 3 4

K+(H2O)n
Single 4 2 – 1 1 – – – – – – – – – – – – –
A – – – – – – – – – – – – – – – – – –
D – – – 2 2 2 2 1 – – – – – – – – – –
DA – 2 4 2 3 3 2 3 4 3 – 1 – 1 – 1 – –
AA – 1 2 – – – – – – – – – – – – – – –
DD – – – – – – – – – – – – – – – – – –
DDA – – – – – 1 2 3 4 5 7 7 8 8 9 9 10 9
DAA – – – 2 2 3 4 4 4 5 7 7 8 8 9 9 10 11
DDAA – – – – – – – – – – – – – – – – – 1

Cs+(H2O)n
Single – – 2 – – – – – – – – – – – – – – –
A – 1 – – – – – – – – – – – – – – – –
D – 1 – – 1 – – – – – – – – – – – – –
DA 4 3 4 5 5 5 6 5 4 5 4 3 2 3 – 1 – 1
AA – – – – – – – – – – – – – – – – – –
DD – – – – – – – – – – – – – – – – – –
DDA – – – 1 1 2 2 3 4 4 5 6 7 7 9 9 10 10
DAA – – – 1 1 2 2 3 4 4 5 6 7 7 9 9 10 10
DDAA – – – – – – – – – – – – – – – – – –

The first closure of such a cage occurs at n = 18, which is a
tempting explanation for this magic number. The dodecahe-
dron may seem as a natural culmination point of this struc-
tural principle, since it consists of only five-membered rings.
However, its actual realization is quite distorted, and other
cage structures are effectively isoenergetic, which already
limits the appeal of the dodecahedron hypothesis consider-
ably.

The potassium cation is intermediate in size between
sodium and caesium, and its structural preferences are also
intermediate between these two. Smaller clusters are more
similar to their sodium analogue, while larger ones are closer
to the caesium cases. For n = 16 we see a cage closure,
which again coincides with the first magic number. For n =
20, the global minimum has a dodecahedral cage, but is
strongly distorted, and clearly non-dodecahedral minima are
only 7 kJ/mol higher in energy.

These results constitute a first complete and systematic
overview on structures of alkali cation microhydration clus-
ter M+(H2O)n, with M = Na, K, Cs and 4 ≤ n ≤ 24, based
on global optimisation studies. It is also the first unbiased
check of the dodecahedron hypothesis. One might object that
the results have been obtained merely using a model poten-
tial; however, a complete and systematic overview would not
have been possible using any ab initio method. Comparisons
to ab initio calculations and to experimental results (to be

published) show that the structures are at least qualitatively
correct.

3.1.1 Are magic numbers due to a special structural
pattern?

A structural pattern that all magic number structures seem to
have in common is that none of the global and most important
local minimum cluster structures contain any water mole-
cules which form less than three hydrogen bonds, i.e. only
water molecules which at least either donate two hydrogen
bridge bonds and accept one (DDA) or vice versa (DAA) are
present. Generally, the abbreviation D shall denote donor, i.e.
one D for each donating OH bond per water molecule, and
the abbreviation A is used for acceptor, i.e. one A for each
accepted OH bond per water molecule. Single water mole-
cules form no hydrogen bonds with any of the other water
molecules in the water network but are bound only to the
central ion. One may argue that two-coordinated water mol-
ecules (and of course also one-coordinated or single water
molecules) are less well bound to the water network and may
hence be centres of dissociation or association. According to
this assumption, four-coordinated water molecules would be
even better than three-coordinated ones. However, it is rather
hard to build a cluster with four-coordinated water molecules
if the total number of water molecules is small and if due to a
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four-coordinated water molecule other water molecules will
have to be located in an unfavourable bonding situation or
for that matter badly accommodate the central ion.

Table 1 is a summary of the numbers and types of water
molecules present in global minimum structures of different
cluster sizes for all three systems. Some explanations for why
special coordination numbers are preferred and by which sys-
tem have already been given in Sect. 3.1. This section adds a
few observations from yet another angle.

In Table 1 the number and types of different molecules
present in the global minimum structures of Na+(H2O)n are
given. The structure found for Na+(H2O)14 is the only one
which fulfils the above-mentioned criterion of three-coordin-
ated molecules, but this cluster size is not known to be a magic
number. However, contrary to the local minimum structures
found for magic numbers which also show the same struc-
tural patterns in the case of Na+(H2O)14 no other local mini-
mum structure shows this feature. With this single exception,
all cluster sizes have at least one water molecule with less
than three hydrogen bonds. This nicely matches the exper-
imental observation of completely missing magic numbers
for sodium cation microhydration clusters.

Looking at the corresponding data for K+(H2O)n (see
Table 1) the picture becomes different. In contrast to smaller
cluster sizes (which exhibit a similar bonding pattern as Na+
(H2O)n, see Sect. 3.1), starting from n = 14, medium and
larger cluster sizes seem to prefer an equal number of DDA
and DAA molecules for an even total number of water
molecules, whereas odd total numbers of water molecules
have an additional DA molecule.

For Cs+(H2O)n-clusters the case is yet again a little
different. While K+(H2O)n-clusters show an equal number
of DDAs and DAAs starting from medium-sized clusters,
Cs+(H2O)n-clusters do this right from the beginning, where
the first DDA and DAA molecules are present (see Table 1).
For smaller cluster sizes, DA molecules can be found in every
structure; nevertheless, they start to disappear again for even
numbers, from n = 18, which is also the first magic num-
ber for Cs+(H2O)n. In the experiment also 20, 22, 24 were
found to be magic, again matching our simple DA count. In
the case of Cs+(H2O)n the categorisation of magic numbers
being due to only DDA or DAA molecules present in the
structure at first sight seems to hold and also gives a reason
for magic numbers starting at 18.

For all the three cations the most important local
minima were checked upon in view of this criterion, and
it was found that the categorisation still holds. However, no
further information will be given in this work in order not to
clutter it with too much data.

The exclusive presence of three-coordinated molecules
may indeed be a good criterion for magic numbers in the
size range under study. Exclusive three coordination also
is clearly linked to (bent) two-dimensional rather than one-
dimensional or three-dimensional water networks, and hence
to water cages around a central ion. However, three-coordi-
nated water molecules can form many sorts of cages, not
only those consisting of five-membered rings, but also oth-
ers containing four- and six-membered rings. Therefore this

criterion extends the dodecahedral clathrate hypothesis in a
simple but effective way.

3.1.2 Dynamics of M+(H2O)n with M = Na, K, Cs
and 4 ≤ n ≤ 21 using a canonical ensemble

For all three systems, i.e. M+(H2O)n with M = Na, K, Cs
and 4 ≤ n ≤ 21, molecular dynamics simulations were
run using a canonical ensemble at four different tempera-
tures: T = 40, 80, 120 and 150 K. These temperatures were
selected since experiments such as mass spectrometry and
infrared spectroscopy are assumed to be within this tempera-
ture region. As already explained in ref. [54], global geome-
try optimisation methods yield not only the global minimum
structure in practice, but also extensive lists of low-energy
local minimum structures. Using all these as starting struc-
tures for MD simulations gives an impression of the dynamics
in regions of configuration space that are likely to be most
relevant in dynamics studies, without expending the effort
of full MD. However, due to time constraints, merely global
minimum structures were used as input geometries here and
just six runs (with a total simulation time of 10 ps and a time-
step of 0.1 fs each) per structure and temperature could be
performed. This does by no means represent a sufficient sta-
tistic, especially as no runs with local minimum structures as
input were computed, except for the special case of n = 20
(see Sect. 3.1.6). Nevertheless, the obtained results still serve
as a first guidance concerning trends in the dynamics of the
water network. Again only a central subset of data is repre-
sented here, highlighting the most important points, while a
full set of results for all n can be found in ref. [54].

For displaying all cluster structures in this work the pro-
gram xmakemol [37] has been used. As this program has its
own way to show interactions between particles some gen-
eral remarks are in order, i.e. this program shows bonds for
interactions between particles which should not always be
mistaken for “real” bonds. In case of alkali cation micro-
hydration clusters, these “bonds” concern water (oxygen)–
cation and water (oxygen)–water (hydrogen), i.e. hydrogen
bonds, interactions. The maximal length of these “bonds”
can be manually adjusted by the user; however, the initial
values the program uses are accepted standard values, hence
these initial values were also adopted without further read-
justment for depicting structures in this work. In the course
of this work the term “bond breaking” hence will refer to the
bonds which are no longer depicted by xmakemol due to an
increased distance between two or more particles. Vice versa,
if “bond formations” are mentioned this refers to a decreased
distance between two or more particles.

3.1.3 Na+(H2O)n

In summary, as expected, with rising temperature the move-
ments of the molecules become stronger. At T = 40 K,
mostly hindered rotational motion of molecules is observ-
able and only small hindered translational movements for
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Fig. 1 Snapshots from the molecular dynamics simulation of Na+(H2O)5 using a canonical ensemble at T = 150 K

Fig. 2 Snapshots from the molecular dynamics simulation of Na+(H2O)6 using a canonical ensemble and Na+(H2O)6 (global minimum) as input
geometry (see bottom) at T = 120 K and T = 150 K

some water molecules, mostly those sitting on the edge of
a water network, thus being not as tightly “bound” by other
water molecules. For T = 80 K the rotational motion is still
more intense than the translational motion, though the trans-
lational motion becomes stronger. Due to the more intense
movements, in some of the medium-to larger-sized cluster
structures hydrogen bonds in the water network start to open
up, but are closed again almost instantly. Also in the larger
clusters, water molecules which are on the edge of the water
network start to move back and forth between their original
position and a position from where they can participate more
strongly in the water network. All these movements still hap-
pen rather slowly. Hence no examples shall be depicted for
these temperatures.

There is a qualitative change in behaviour between the
temperatures T = 80 K and T = 120 K, as at T = 120 K
the motion of the water molecules becomes a lot stronger
and some cluster structures, mostly smaller sized ones, start

to change. The larger clusters are less affected by the tem-
perature rise, as most of the water molecules take part in an
optimised and rather cohesive water network which hinders
both their translational and rotational motions. Also, more
simply, the total kinetic energy is distributed over many more
degrees of freedom, resulting in less energy available in each
of them. Combined with the fact that almost no changes are
observable at T = 40 K, this strongly suggests that global
geometry optimisation indeed produces structures which are
relevant in the experiment.

Upon increasing the temperature to T = 150 K, the trend
already observed for T = 120 K becomes more pronounced.
Smaller clusters now readily change their structure and some
larger cluster structures also open up, although the tendency
to exhibit a compact water network still prevails. For more
detailed examples see below. All this does not mean that
these temperatures are insufficient to induce changes in any of
those clusters. On the contrary in Sect. 3.1.6 we will show an
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Fig. 3 Snapshots from the molecular dynamics simulation of Na+(H2O)8 using a canonical ensemble and Na+(H2O)8 (global minimum) as input
geometry (see bottom) at T = 150 K

example where a large cluster structure undergoes a qualita-
tive change easily and rapidly. Therefore the negative findings
reported here really are an indication of stability.

In the case of Na+(H2O)4, within our limited statistics no
qualitative change in structure can be observed for any of the
temperatures used in the simulation. The case of Na+(H2O)5
is quite similar for temperatures up to T = 120 K, i.e. the
structure stays more or less a distorted pyramid. For T =
150 K the pyramid starts to break up (see Fig. 1), changing
between pyramidal and other structures.As there are still only
five water molecules present, the variety of different cluster
structures is still comparatively small. This structural variety
increases a lot, when going for instance to n = 6 (see Fig. 2)
or n = 8 (see Fig. 3). Na+(H2O)6 already shows significant
structural changes at T = 120 K. The rate of these changes
increases for T = 150 K. In Fig. 2, snapshots of both tem-
peratures are depicted. When looking at the actual movie at
T = 150 K, the water molecules seem to wander around the
ion, thus participating in somewhat similar or even equivalent
structures at another position than before.

For structures around approximately 8 ≤ n ≤ 12, the
largest structural variety can be found. This is most probably
due to the fact that with these numbers of water molecules
no cohesive water network can yet be established and also
due to the number of degrees of freedom still being moderate

such that the available energy cannot be distributed over the
network as extensively as for larger cluster sizes. It is impor-
tant to note that no boundary box was implemented in the
algorithm, hence leaving water molecules the possibility to
completely dissociate from the cluster. One might expect this
to happen for smaller clusters, as the water molecules are not
yet connected by a cohesive water network. Nevertheless, not
a single dissociation event was observed in any of our sim-
ulations. For cluster sizes of 8 ≤ n ≤ 12, the coordination
number of 5 is favoured for 5 ≤ n ≤ 8, which can be seen in
both Fig. 2 for n = 6 where the simulation starts with a (4+2)
structure and proceeds onto different (5 + 1) structures and
Fig. 3 for n = 8 where the simulation is started with a (5+3)
structure, varieties of which can be seen throughout the sim-
ulation. Cluster sizes of 9 ≤ n ≤ 12 prefer the coordination
number 6. Hence, for numbers such as 5 ≤ n ≤ 8, rather
more hydrogen bonds to water molecules arranged in a sec-
ond-shell are formed instead of forming structures with the
coordination number 6 (see also ref. [54] for pair interactions
of water molecules in different shells).

Moving on from n = 8 to n = 15 (see Fig. 4) and
larger clusters, the cluster structures start to build up a cohe-
sive water network on one side of the ion. This is typical
for Na+(H2O)n as already explained in Sect. 3.1. For higher
temperatures, such as T = 120 K and T = 150 K, hydrogen
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Fig. 4 Snapshots from the molecular dynamics simulation of Na+(H2O)15 and Na+(H2O)18 using a canonical ensemble at T = 150 K

Fig. 5 Snapshots from the molecular dynamics simulation of K+(H2O)5 and K+(H2O)6 using a canonical ensemble at T = 150 K

bonds are still broken from time to time, but the water mole-
cules then tend to move back to their original positions. Water
molecules at the “edge” of the water network move back and
forth between positions where they can take an active part
in the network with more than just one hydrogen bond and
where the ion attains its preferred coordination geometry. In
Fig. 4, an example is given for n = 18. The simulation is
started with a cluster structure where the water molecule at
the open side of the ion participates with only one hydrogen
bond in the water network. At a simulation time of t = 4.3 ps
a snapshot is depicted where this molecule forms two hydro-
gen bonds with the rest of the water network, while at t = 8.2
ps it forms no hydrogen bonds thus momentarily resulting in
an almost perfect octahedral shaped first shell of water mol-
ecules.

3.1.4 K+(H2O)n

In most aspects small K+(H2O)n clusters behave similarly to
Na+(H2O)n clusters so we focus on the differences here. For

K+(H2O)5, a (4+1) structure has been found as global min-
imum. Upon increasing the temperature to T = 120 K, this
structure no longer seems to be the preferred one (see Fig. 5).
Rather a coordination number of 5 is favoured, similar to the
structures found for Na+(H2O)5 which is most probably due
to an entropy effect as (4 + 1) is more rigid than (5 + 0).

Advancing to n = 7, the choice of the coordination num-
ber 5 still seems to be in favour for T = 80 K and T = 120 K,
though for T = 150 K the coordination number 6 can be
found more often (see Fig. 6). Nevertheless, a clear prefer-
ence of certain coordination numbers is less pronounced for
the potassium case. For K+(H2O)n the structural variety is
probably largest for 7 ≤ n ≤ 9.

For cluster sizes around 9 ≤ n ≤ 14, potassium clus-
ter structures do not seem to be able to decide whether they
should start preferring annealed rings or follow the path of
sodium clusters. This trend of potassium taking an intermedi-
ate position between sodium and caesium clusters has already
been explained for static structures in Sect. 3.1. As an exam-
ple, Fig. 7 depicts the case of n = 10: the simulation is started
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Fig. 6 Snapshots from the molecular dynamics simulation of K+(H2O)7 using a canonical ensemble and K+(H2O)7 global minimum as input
geometry (see bottom) at T = 80 K, T = 120 K and T = 150 K

Fig. 7 Snapshots from the molecular dynamics simulation of K+(H2O)10 using a canonical ensemble at T = 150 K

with a structure that mostly contains annealed rings which
are then broken apart during the simulation, as depicted for
t = 6.9 ps and t = 9.1 ps, while in between the cluster tries
to re-form new annealed rings.

For cluster sizes with n ≥ 16, potassium clusters behave
more like caesium clusters, i.e. preferring annealed rings over
more open structures. Looking at the dynamics of these clus-
ter sizes, the water network more or less keeps its shape,
occasionally opening and closing one or the other hydrogen
bond (see Fig. 8). n = 16 happens to be a magic number
for K+(H2O)n and in Sect. 3.1 it was assumed that maybe

this magic number is due to a shell closure, thus exhibiting
a stronger water network compared to its smaller and larger
relatives. In Sect. 3.1.1 it was additionally speculated that
magic numbers might be due to a structural pattern that all
magic numbers seem to have in common, namely exhibiting
only water molecules which have a coordination number of
either 3 or 4. Hence the dynamics of K+(H2O)16 were com-
pared to that of its immediate neighbours, K+(H2O)15 and
K+(H2O)17, bearing this pattern in mind. Although DA mol-
ecules seem to be able to move more freely, as they are only
bound to two other water molecules, so far no significant
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Fig. 8 Snapshots from the molecular dynamics simulation of K+(H2O)16 and K+(H2O)17 using a canonical ensemble at T = 150 K

Fig. 9 Snapshots from the molecular dynamics simulation of Cs+(H2O)4 using a canonical ensemble and Cs+(H2O)4 (global minimum) as input
geometry at T = 150 K

difference between the behaviours of the respective cluster
hulls could be found. Possibly, significant differences could
be found by the constrained dynamics technique used in Sect.
3.1.7 to examine the magic number 20. But then n = 16 is
only a very weak magic number. Therefore this topic shall
not be explored any further at this stage. The more important
magic number, n = 20, is treated in a separate Sect. (see
Sect. 3.1.6).

3.1.5 Cs+(H2O)n

In some, though not all, aspects the dynamics of Cs+(H2O)n
is comparable to the dynamics of both Na+(H2O)n and K+
(H2O)n: the greatest number of changes in cluster structure
and simultaneously the most serious changes are observed for
small cluster sizes, whereas the bigger the clusters get, the
less pronounced the movements become. The movements for
caesium cluster structures below T = 80 K are even less pro-
nounced than those observed for potassium clusters. Unlike
both potassium and sodium clusters, for caesium clusters no
opening of any of the hydrogen bonds could be observed
below T = 80 K. However, when increasing the temperature
to T = 120 K movements become apparent and even more
so for T = 150 K. The behaviour gap between T = 80 K and
T = 120 K is quite outstanding for Cs+(H2O)n, though it is
also present for the other two systems in an alleviated form.

As the gap becomes larger when increasing the mass of the
ion, very simply the ion mass may be responsible. An ion as
light as sodium can experience stronger movements at lower
temperature than the caesium ion, which would in turn affect
the water molecules.

For small cluster sizes, i.e. up to approximately n = 10,
static Cs+(H2O)n cluster structures contain rings as early as
possible compared to their relatives Na+(H2O)n and
K+(H2O)n. Looking at the dynamics of Cs+(H2O)4 at T =
120 K andT=150 K (see Fig. 9), one observes that Cs+(H2O)4
readily opens up its four-membered ring. In the course of the
simulation, the tetrahedron seems to be the preferred struc-
ture, as after the ring opening the structures interchange be-
tween the structures depicted in Fig. 9 and the tetrahedron.As
observed above for K+(H2O)n, it is likely that this dynamical
preference of a local minimum over a global minimum is an
entropy effect.

Similar to K+(H2O)n with 9 ≤ n ≤ 14 , Cs+(H2O)7
dynamics visit both open structures and structures where an-
nealed rings are formed. Figure 10 shows snapshots from a
typical trajectory, with different ring patterns being formed
and destroyed again. Most of the time, however, at least one
four- or five-membered ring is present; intervals with purely
open structures are extremely short. In spite of these rear-
rangements at T = 120 K, compared to potassium clusters,
caesium clusters still show their tendency to keep a large
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Fig. 10 Snapshots from the molecular dynamics simulation of Cs+(H2O)7 using a canonical ensemble and Cs+(H2O)7 global minimum as input
geometry (see left) at T = 120 K and T = 150 K

Fig. 11 Snapshots from the molecular dynamics simulation of Cs+(H2O)13 using a canonical ensemble at T = 150 K

number of hydrogen bonds, sometimes resulting in a long
chain of water molecules wrapped around the ion. This trend
continues for 7 ≤ n ≤ 11 although it becomes less pro-
nounced for 9 ≤ n ≤ 11 as the water network already forms
one half of a shell surrounding the central ion.

Moving onwards to n = 13 (see Fig. 11), the cluster struc-
tures start to less readily open up for T = 150 K, as already
found for n = 11 and T = 120 K. The snapshots depicted
in Fig. 11 give a rare example of a simulation in which the
cluster structure still breaks. However, it takes less than 1 ps
after the break-up for the cluster structure to obtain a shape
similar to the initial structure, as the coherence of the water
network starts to become stronger. This trend continues for
even larger systems.

Similar to K+(H2O)16, a first shell closure is observed
at n = 18 for the case of caesium (see Sect. 3.1), which
again is a magic number. Comparing the dynamics of cluster
structures with 17 ≤ n ≤ 19, one observes that although

the already rather cohesive water network hinders the move-
ments of all three cluster sizes equivalently, cluster structures
with n = 18 open up hydrogen bonds extremely seldom, even
more seldom than n = 17 and n = 19. Though we only have
a few representative trajectories, these findings indicate that
n = 18 may be dynamically more stable than n = 17 and
n = 19. In Fig. 12 an example is given of one of the rare
occasions at T = 150 K where hydrogen bonds are indeal
broken up for Cs+(H2O)18, see snapshots at t = 0.2 ps and
t = 5.2 ps. Obviously, the cluster structure does not change
much qualitatively, in spite of the hydrogen bond breakings.

3.1.6 Dynamics of dodecahedral cage structures

As already mentioned in ref. [54], in case of Cs+(H2O)20 the
global minimum structure (dodecahedral) and the best non-
dodecahedral structure are almost isoenergetic. The pair po-
tential terms between the cation and all water molecules add
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Fig. 12 Snapshots from the molecular dynamics simulation of Cs+(H2O)18 using a canonical ensemble at T = 120 K and T = 150 K

up to 399.65 kJ/mol for the dodecahedron and 403.29 kJ/mol
for the non-dodecahedron. Hence, the water network con-
tributions appear to be better for the dodecahedral-like cage.
However, this just barely over-compensates the better
embedding of the ion in the non-dodecahedral cage struc-
ture to a final difference of not even 1 kJ/mol. As stated in
ref. [54], a water hull consisting only of five-membered rings
may have a kinetic advantage: it is speculated that sequential
ring enlargement may be a preferred mode of water cluster
growth, as seen in the experimental environment of helium
droplets [55]. Also, for the pure water hexamer, a single
six-membered ring is energetically less favourable than two
annealed four-membered rings. Therefore, the dodecahedron
may form a natural culmination point. Hence, both struc-
tures (dodecahedral and non-dodecahedral) were submitted
to cluster dynamics using a canonical ensemble and also to
constrained dynamics in order to evaluate the free energy of
the dissociation of single water molecules from both water
hulls (see following section). For comparison, canonical
ensemble dynamics were also computed for K+(H2O)20 and
Na+(H2O)20 (see below).

When comparing the dynamics of both structures of Cs+
(H2O)20, no difference whatsoever could be observed for tem-
peratures T = 40 K, T = 80 K and T = 120 K, respectively.
Rather, both structures follow the trends given in Sect. 3.1.2,
namely no changes occur apart from small hindered rota-
tional motion and even smaller hindered translational mo-
tion of individual molecules. When increasing the temper-
ature to T = 150 K, again for the dodecahedron structure
not even a single hydrogen bond opening could be observed,
though the water molecules wiggle around a little more. This
does not necessarily mean that bond openings do not oc-
cur at all for the dodecahedral structures as due to limited
disk space not each time-step was recorded for the analysis.
However, it is assumed that according to statistics at least
one or two bond openings should have been visible in at least
one of the movies. For the non-dodecahedral cage structure

occasional bond openings between two annealed four- and
six-membered rings were observed. Hence this might be a
weak indication that indeed the overall dynamical stability
of the dodecahedron structure is slightly better compared to
that of a non-dodecahedron. However, to us this is not a con-
vincing explanation for the magic number status of n = 20.

For K+(H2O)20, the global minimum is also a dodeca-
hedron-shaped cluster structure [54]. Both the global
minimum structure and the best non-dodecahedral structure
were submitted to molecular dynamics simulation. Again,
for T = 40 K and T = 80 K, apart from rotational and
small translational motions nothing of importance occurs.
For T = 120 K and T = 150 K occasional hydrogen bond
openings were observed for both cluster structures. Hence
from just comparing the dynamics of the two different struc-
tures no further insight into the status of the dodecahedron
hypothesis could be gained in the case of K+(H2O)20.

In the case of Na+(H2O)20, the dynamics of a constructed
and locally optimised dodecahedron-shaped structure (see
ref. [54]) was compared to that of the global minimum struc-
ture. As already explained in Sect. 3.1.2, for T = 40 K and
T = 80 K apart from very small rotational and even smaller
translational motions nothing much occurs in the case of the
global minimum structure. Even when increasing the tem-
perature to T = 120 K or T = 150 K, the water molecules of
the water network only wiggle around their initial positions
whereas the water molecules on the edges move between
positions where they take up an active part in the water net-
work and positions that allow the sodium ion to have its pre-
ferred coordination geometry. Overall the cluster structure
stays the same and does not change its general appearance
during the simulation.

However, the behaviour of the dodecahedron-shaped
water hull is different. Starting with temperatures of
T = 80 K, the static local minimum dodecahedron struc-
ture of Na+ (H2O)20 is extremely distorted, as the sodium
ion is simply too small to fill the cage. Hence the ion clings
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Fig. 13 Snapshots from the molecular dynamics simulation of Na+(H2O)20 using a canonical ensemble and Na+(H2O)20 DOD as input geometry
(see bottom) at T = 120 K and T = 150 K

to one side of the dodecahedron hull (see Fig. 13), which
leaves it “open” to the other side. The number of water mol-
ecules arranged around the central ion in a first-shell is equal
to 6, but due to the cage-like structure of the water network
they cannot be arranged in an octahedron shape which is the
preferred ion coordination geometry of the global minimum
structures of n ≥ 17. This implicates that one of the first-
shell water molecules that is close to the “open side” of the
ion will try to move into a position which fills the gap in the
cage interior and allows the sodium ion to obtain an octa-
hedral-shaped first-shell coordination geometry. And indeed
this is found to be a general mechanism. While this change
occurs the dodecahedron hull starts to break apart such that
the water molecule is allowed to move to its preferred position
while maintaining as many hydrogen bonds as possible. In
other words, during the simulation the five-membered rings
are broken apart and new rings are re-formed as soon as pos-
sible, though now also four- and six-membered ones, in order
to lessen the strain on the water network. Upon increasing the
temperature to T = 120 K and T = 150 K, these changes
are advanced even further, until at T = 150 K the dodeca-
hedron cluster structure arrives at a structure very similar to
the global minimum structure by the end of the simulation.

To ensure that this was not just plain coincidence, another 20
simulations were run on this special case which confirmed
the findings: In all simulations performed, the dodecahedron-
shaped structure changed, taking up forms which were equiv-
alent or very close to the global minimum structure.

This is indeed a very surprising result as the MD simu-
lations performed were just basic MD simulations, merely
enforcing a canonical ensemble, but by no means forcing
any structural transformations. Also these structural transfor-
mations do not just occur occasionally but very frequently.
However, barrier crossings usually are very rare events in
MD, hence one would not expect them to happen too fre-
quently. Also, as the energy landscape of systems of this
size is extremely complex, one would not expect the same
transformation to happen in different trajectories. A possible
explanation might be that the barriers are indeed relatively
small, thus allowing frequent crossings of many structur-
ally similar low-energy barriers to collectively form a sim-
ple deformation pathway connecting these two seemingly so
different structures.Another view of basically the same situa-
tion postulates features of several different sizes on the energy
landscape, e.g. a big funnel towards the global minimum on
a large scale and on a smaller scale a large number of smaller
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Fig. 14 Global minimum structure of Cs+(H2O)19 where the water molecules marked black indicate the pulled water molecules whereas the
white water molecules indicate annealed rings which contain the pulled water molecule

Fig. 15 Global minimum structure of Cs+(H2O)21 where the water molecules marked black indicate the pulled water molecules whereas the
white water molecules indicate annealed rings which contain the pulled water molecule

subminima of this structure which are only divided by low-
energy barriers. Such a picture is often evoked to explain the
comparatively rapid and reproducible transformation events
of other large molecular assemblies, e.g. proteins [53]. In any
case, these results clearly show that dodecahedral cages are
not important for Na+(H2O)20. Instead, a possibly large set
of related structures similar to the off-centred, non-dodeca-
hedral global minimum structure is preferred.

These findings are not only important as further sup-
port for an earlier explanation [36] for the non-existence of
the magic number n = 20 in the case of Na+(H2O)n, but

also prove that indeed the use of quasistatic global geome-
try optimisation is justified as a tool to circumvent the effort
and expenses of full molecular dynamics simulation, even
for rather non-rigid systems.

3.1.7 Constrained dynamics

The magic number n = 20 is most prominent in the case of
Cs+(H2O)20, rather weak for K+(H2O)20 and not observed to
be a magic number for Na+(H2O)20. The conclusion of the
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Fig. 16 Average constraint force 〈F 〉 in pN vs. distance r in Ångström of pulled water molecules of structure Cs+(H2O)19 (Cs.019.d) for 18
starting conditions per distance r each at T = 40 K, T = 80 K, T = 120 K and T = 150 K

previous section was that the sodium ion is simply too small
for Na+(H2O)20 to prefer a dodecahedron-shaped structure
or for that matter any clathrate cage (see also ref. [54]). It
was also indicated in ref. [54] that the potassium ion still
seems a little too small for the dodecahedron cage, as it also
prefers to be located somewhat off-centred. In contrast, the
caesium ion rather perfectly fits a dodecahedral clathrate cage
composed of 20 water molecules (although the cage is quite
puckered). Therefore, this simple size-fitting argument still
supports the dodecahedron hypothesis as a candidate expla-
nation for magic numbers at n = 20. However, as already
shown in ref. [27] and summarised here (see Sect. 3.1) sev-
eral other non-dodecahedral structures are almost as good as
the dodecahedral cages, for both K and Cs. For example, the
best non-dodecahedral cage fits around the Cs cation just as
well as the dodecahedral cage. This makes the dodecahedral
hypothesis unlikely as far as static energetics are concerned.
In the previous section, we have not found any significant
differences in cage dynamics, using free canonical MD runs.
However, it could still be possible that dodecahedral cages
show enhanced dynamic stability against dissociation. Since
we did not see any dissociation events at all in our free MD
runs, we decided to enforce such reactions, using single mol-
ecule dissociations as prototype example. Also Cs+(H2O)19
and Cs+(H2O)21 were investigated, as may be the explana-
tion for to why n = 20 is magic lies in the difference between
the nearest neighbours of Cs+(H2O)20 and itself.

Due to limited time, the free energy of the dissociation
could not be computed for every molecule of each of the four
structures, Cs+(H2O)19, Cs+(H2O)20 (dodecahedron/dod),
Cs +(H2O)20 (best non-dodecahedron/bnd) and Cs+(H2O)21
hence water molecules were selected which are representative

for several water molecules in similar surroundings (in ref.
[54], we have shown that this generalisation is indeed pos-
sible). For Cs+(H2O)19 and Cs+(H2O)21, four water mole-
cules were selected each. As one structural pattern all magic
numbers have in common is that they do not contain water
molecules which exhibit a coordination number smaller than
three, see Sect. 3.1.1, the water molecule selected to be pulled
from both Cs+(H2O)19 and Cs+(H2O)21 was a (or the) DA
molecule. Two other likely candidates were its two adjacent
molecules. The fourth molecule to be pulled from both struc-
tures was one that had a similar surrounding compared to the
water molecules of both Cs+(H2O)20 structures. For the cor-
responding structures of Cs+(H2O)19 and Cs+(H2O)21 see
Figs. 14 and 15. For both the Cs+(H2O)20 structures four
DDA molecules and three DAA molecules were selected,
respectively.

In Fig. 16, average force vs. distance plots are displayed
for Cs.019.d at the four different temperatures T = 40 K,
T = 80 K, T = 120 K, and T = 150 K respectively. Each
point in one plot represents the average force computed from
one of the 18 different starting conditions (hence a total of
198 simulations per plot were computed). The continuous
curve is a spline interpolant. When looking at the four plots
in Fig. 16, one observes that the overall form of the curve stays
about the same, while maxima and minima become less pro-
nounced for increasing temperatures. The free energy of the
dissociation of one water molecule drops by 8.6 kJ/mol upon
increasing the temperature from T = 40 K to T = 150 K,
from �G = 30.0 kJ/mol to �G = 21.4 kJ/mol. Due to the
fact that most structural changes appear to happen for tem-
peratures T ≥ 120 K and that no fundamental changes in the
average force vs. distance plots can be observed for different
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Fig. 17 Average constraint force 〈F 〉 in pN vs. distance r in Ångström of pulled water molecules of structure Cs+(H2O)19 and Cs+(H2O)21 (for
18 starting conditions per distance r each) at T = 120 K

Fig. 18 Equilibrium structures of Cs+(H2O)21 for two different starting conditions with a distance r of 8.3 Å for the constraint molecule at
T = 120 K
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Fig. 19 Graphic representation of the free energies depicted in Table 2 (for further explanation see text)
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Fig. 20 Global minimum structure of Cs+(H2O)20 (dodecahedral) where the water molecules marked black indicate the pulled water molecules
whereas the white water molecules indicate annealed rings which contain the pulled water molecule

temperatures, in the course of this section only a selection
of average force vs. distance plots at T ≥ 120 K will be
described in detail [also for both Cs+(H2O)20 structures],
whereas a full set of plots for all structures and all tempera-
tures can be found in ref. [54].

Minima in the average force vs. distance plots correspond
to distances where the pulled water molecule occupies a po-
sition of optimal “hydration shell” distance to the central ion
and simultaneously also to the other water molecules in the
network. These distances approximately correspond to the
optimal distances given in ref. [27,54] when looking at pair
interactions.Average force vs. distance plots for all structures
of Cs+(H2O)19 and Cs+(H2O)21 at T = 120 K are depicted
in Fig. 17 as an example for the plots of these two structures.

Comparing the average force vs. distance plots of the
same type of water molecule being pulled from the clus-
ter such as for example Cs.019.c and Cs.021.c, which in
both cases is a DAA molecule, one can observe subtle sim-
ilarities between the plots, i.e. the trends of the curves are
approximately the same, each exhibiting two minima and
one maximum, though the amplitude of the extrema vary.
When looking more closely at the surroundings of these two
DAA molecules, one finds that they do not have an equivalent
surrounding with respect to what types of water molecules
donate or accept the hydrogen bonds. Comparing the average
force vs. distance plots of the same type of water molecule

exhibiting equivalent surroundings, such as Cs.019.d and
Cs.021.d, one observes that both plots are indeed very simi-
lar and also yield similar free energies (see Table 2). Hence
equivalent surroundings seem to be important for the actual
comparison of values of the free energy of dissociation of
one water molecule.

Another feature all plots have in common is that for larger
distances of the pulled water molecule with respect to the
central ion, the scatter of the points is smaller and vice versa.
It was found that this scattering is due to different equilib-
rium structures obtained at the end of the simulation for
the same input geometry but different starting conditions.
See for example Fig. 18 where for Cs.021.a.01 the con-
strained water molecule is bound by one hydrogen bond to
another water molecule which in turn is bound to the remain-
ing water network, yielding an average force of −32.13 pN.
For Cs.021.a.02, however, the constrained molecule does not
have direct contact with the water network, while the wa-
ter cage consists of a structure very close to that of the best
non-dodecahedron for Cs+(H2O)20 yielding an average force
of −115.3 pN. In both cases the distance for the constrained
molecule is equal to 8.3 Å. In case the difference between the
two equilibrium structures is less pronounced, e.g. in case
the constrained molecule can decide whether to function as
a DDA or DAA in the water network, the average forces still
scatter though not as strongly.
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Fig. 21 Local minimum structure of Cs+(H2O)20 (non-dodecahedral) where the water molecules marked black indicate the pulled water molecules
whereas the white water molecules indicate annealed rings which contain the pulled water molecule

Comparing the free energies obtained for the four differ-
ent types of water molecules being pulled from the water
network for Cs+(H2O)19 and Cs+(H2O)21 (see Table 2 for
the actual values and Fig. 19 for a graphic representation
of Table 2), one observes that for all temperatures the free
energy of dissociation of the DA molecule of Cs+(H2O)19 is
lower than the free energy of dissociation of the other three.
For Cs+(H2O)21, however, the free energy of dissociation
of the DA water molecule is lowest only for temperature
T ≥ 80 K. Comparing the values obtained for the two DA
molecules with that obtained for the free energy of disso-
ciation of one water molecule of the dodecahedron and the
non-dodecahedron, the DA molecules beat all other values
with respect to being the lowest in energy, with the excep-
tion of Cs+(H2O)21 at T = 40 K. For temperatures of T ≤
80 K, the free energy of dissociation of DA molecules does
not differ much from the values obtained for most of the
three-coordinated molecules for Cs+(H2O)20, Cs+(H2O)21
and Cs+(H2O)19. However when looking atT ≥ 120 K, espe-
cially the free energy of dissociation of the DA molecule
from Cs+(H2O)21 is considerably lower compared to all oth-
ers. The effect is also present for Cs+(H2O)19, though not as
pronounced. Hence one can assume that it is indeed easier
for a DA molecule to be dissociated from the water network.
Comparing the values of the free energy of dissociation of

single water molecules of the dodecahedron with the non-
dodecahedron, one observes for temperatures of T ≤ 80 K
that it is most of the time much harder to dissociate the water
molecules from the non-dodecahedron especially for DDA
molecules. This is yet another observation not in accord with
the dodecahedron hypothesis.

When looking at the average force vs. distance graphs
for T = 120 K (see Fig. 22), one also observes that for simi-
lar water molecules being pulled from the water network the
curves of both structures are similar although the respective
maxima and minima in the curves differ by their depths as
was already found for the comparison of Cs+(H2O)19 and
Cs+(H2O)21. Nevertheless, compared to average force vs.
distance graphs of Cs+(H2O)19 and Cs+(H2O)21 the differ-
ences between the two sets of plots of Cs+(H2O)20 are less
pronounced.

In the case of the DAA molecules being pulled, the free
energy of dissociation obtained for these water molecules is in
all cases larger for the dodecahedron than for non-dodecahe-
dron. However, the difference is not very significant, ranging
between 0.2 and 5.5 kJ/mol at most. When looking at the two
similar DDA molecules it is the other way round for T =
120 K, namely the free energies of dissociation of the wa-
ter molecules pulled from the non-dodecahedron are higher
by 4.2 and 0.6 kJ/mol, respectively. For T = 150 K the
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Fig. 22 Average constraint force 〈F 〉 in pN vs. distance r in Ångström of pulled water molecules of structure Cs.020.dod.b for 18 starting
conditions per distance r at T = 120 K

DDA of structure Cs.020.dod.d is better by 1.9 kJ/mol than
that of the structure Cs.020.bnd.d, whereas for Cs.020.dod.b
and Cs.020.bnd.b the non-dodecahedral structure beats the
dodecahedral structure by 4.7 kJ/mol.

Hence neither the dodecahedron-shaped structure nor the
non-dodecahedron-shaped structure was found to be better,
as the differences between the two structures are too small
to allow any conclusion and the differences would lead to

conflicts anyway. Therefore it is impossible to ascribe the
existence of the magic number n = 20 solely to the dodeca-
hedron. However, it was found that it seems to be indeed
easier to pull DA molecules from water networks compared
to three-coordinated water molecules. As both the dodeca-
hedron and the non-dodecahedron at n = 20 do not contain
any of these DA water molecules in contrast to their imme-
diate neighbours n = 19 and n = 21, this could lead to
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Table 2 Free energy�G in kJ/mol for different water molecules being pulled from the cluster structures Cs+(H2O)19, Cs+(H2O)21 and Cs+(H2O)20
(dodecahedral/dod and non-dodecahedral/bnd); for corresponding structures see Figs. 14, 15, 20 and 21; for a selection of average force vs distance
graphs of Cs+(H2O)19 and Cs+(H2O)21 see Fig. 17 whereas for a complete set of all graphs of all systems see ref. [54].

PulledStructure
H2O T (�Gin KJ/mol)

40 K 80 K 120 K 150 K

Cs.019.a DA 22.5 21.0 19.0 17.7
Cs.019.b DDA 27.4 24.7 23.0 20.1
Cs.019.c DAA 27.3 23.6 20.8 18.8
Cs.019.d DDA 30.0 28.8 24.8 21.4
Cs.021.a DA 28.9 19.8 15.1 14.2
Cs.021.b DAA 27.5 25.6 22.2 19.7
Cs.021.c DAA 25.2 25.0 22.9 21.4
Cs.021.d DDA 30.6 28.5 26.4 24.5
Cs.020.dod.a DDA 29.3 27.5 23.7 20.9
Cs.020.dod.b DDA 29.4 27.2 23.9 19.7
Cs.020.dod.c DDA 38.2 34.4 27.9 21.9
Cs.020.dod.d DDA 35.6 32.0 28.3 25.3
Cs.020.dod.e DAA 32.5 29.5 27.4 25.0
Cs.020.dod.f DAA 27.6 25.4 23.4 20.9
Cs.020.dod.g DAA 28.4 26.4 24.2 21.2
Cs.020.bnd.a DDA 28.2 26.0 23.9 22.0
Cs.020.bnd.b DDA 36.6 33.6 28.1 24.5
Cs.020.bnd.c DDA 37.0 34.7 32.2 29.0
Cs.020.bnd.d DDA 39.2 34.3 28.9 23.4
Cs.020.bnd.e DAA 29.0 25.0 22.5 19.5
Cs.020.bnd.f DAA 24.5 22.2 21.2 20.3
Cs.020.bnd.g DAA 27.0 26.2 23.9 21.0

an explanation that n = 20 is magic due to cage inclusion
compounds of various forms, exhibiting a water network of
water molecules that are solely three- or four-coordinated.
This nicely fits into the static picture already given in Sect.
3.1.1.

4 Conclusions

The purpose of this work was to obtain structural and dynam-
ical information about alkali cation microhydration clusters,
i.e. Na+(H2O)n, K+(H2O)n and Cs+(H2O)n with 4 ≤ n ≤
24, both in general and with a special focus on cage inclusion
compounds and magic numbers.The problem was approached
using a combination of global geometry optimisation and
molecular dynamics simulation.

As a first step, an extensive global geometry optimisation
study has been carried out for these systems. The results ob-
tained constitute a first unbiased and systematic overview on
structures of alkali cation microhydration clusters and is also
the first unbiased check of the dodecahedron hypothesis.[27,
54]. With a detailed analysis of pair interactions, reasons for
structural trends could be provided. In a final step, molecular
dynamics simulations were applied to all global minimum
energy and selected low-lying local minimum energy clus-
ter structures at different temperatures, simulating a canon-
ical distribution. As reactions are a rare event to observe in
cluster dynamics, constrained dynamics was used to force a
dissociation reaction, to be able to compare the dissociation
behaviour of different water cages and to allow the compu-
tation of free energies for the chosen dissociation reactions.

A molecular dynamics routine has been programmed from
scratch for alkali cation microhydration clusters. As integra-
tion scheme, the velocity Verlet was chosen for the transla-
tional motion and a velocity Verlet-like rotational integrator
for the rotational motion. The algorithm can generate mi-
crocanonical ensembles (default) and canonical ensembles
via the Andersen thermostat. The algorithm also allows for a
constraint, which forces a selected water molecule to stay at
a fixed distance from the central ion.

All global minimum structures were submitted to molec-
ular dynamics simulations using the canonical ensemble and
a total simulation time of 10 ps with a time-step of 0.1 fs.
It was found that for temperatures of T ≤ 80 K mostly
hindered rotational motion and very little hindered trans-
lational motion occurred for all three systems Na+(H2O)n,
K+(H2O)n and Cs+(H2O)n. Upon increasing the tempera-
ture to T = 150 K, mostly the smaller cluster structures
with 4 ≤ n ≤ 13 exhibited strong structural changes. In
larger clusters the water molecules start to form a cohe-
sive network and the energy is distributed over more de-
grees of freedom. Hence, structural changes become less
pronounced and also the effect of different starting condi-
tions on structural variety decreases. For larger cluster sizes
with 16 ≤ n ≤ 21, mostly small rotational motion and to
some extent very small translational motion can be observed
as the water molecules are hindered by the network to move
freely. This is in stark contrast to the frequent assumption that
these systems are so flexible that the concept of “structure”
itself loses its meaning. For n = 20 it was found that when
using the canonical ensemble and comparing non-dodeca-
hedron-shaped structures with dodecahedron structures for
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all three systems, significant changes were observed only
in the case of sodium: the dodecahedron cluster structure
collapsed during the simulations towards a cluster structure
very close to that of the global optimum (non-dodecahedral).
Hence it could be shown that for sodium n = 20 is not a
magic number due to a possible cage formation, as clearly
non-dodecahedral and non-clathrate structures are strongly
preferred energetically and easily accessible dynamically. In
the case of potassium, no information could be gained by
this comparison, whereas in the case of caesium at least at
T = 150 K a small difference was observable, i.e. it was
found that for the dodecahedron structure no bond open-
ings were visible, whereas they sometimes occurred for non-
dodecahedron structures and then mostly between annealed
four- and six-membered rings. Hence this is a weak support
of the dodecahedron hypothesis in case of Cs+(H2O)20.

In the special case of Cs+(H2O)20, and for the neigh-
bouring Cs+(H2O)19 and Cs+(H2O)21, constrained dynam-
ics simulations were run, enforcing dissociation of single
water molecules. This allowed for the computation of the
free energy of dissociation of these water molecules. The
single water molecules to be pulled from the water network
have been selected such that they were comparable to each
other with respect to similar surroundings or equivalent coor-
dination patterns. For the two structures Cs+(H2O)20, i.e.
the dodecahedron and the non-dodecahedron, no significant
differences could be observed for the free energies of dis-
sociating single water molecules. In other words neither of
the structures was less stable than the other. Hence no fur-
ther proof could be gained that the magic number n = 20 is
solely due to the formation of a dodecahedron-shaped water
network. However, when comparing the immediate neigh-
bours of Cs+(H2O)20, i.e. Cs+(H2O)19 and Cs+(H2O)21, to
Cs+(H2O)20 it was found that it was indeed easier to pull
off the DA (single donor–single acceptor) molecules and for
that matter also their two adjacent molecules, respectively,
from the water networks. As both structures investigated for
n = 20 do not contain any DA molecule, this is some support
for the magic number 20 being due to cage structures in gen-
eral, containing solely three- or four-coordinated water mol-
ecules. Therefore, we propose to replace the dodecahedron
hypothesis by a simpler but possibly more robust hypothe-
sis, namely that the magic number n = 20 (but also others)
observed in K+(H2O)n and Cs+(H2O)n are due to several
different lowest-energy cage structures that do not contain
any weakly bound DA molecules that are susceptible to dis-
sociation and association reactions. Due to the smallness and
the stronger “structure breaking” effect of Na+(H2O)n, these
cage structures collapse quickly to very different off-centred
structures in the case of Na+(H2O)n. These three-dimen-
sional networks follow totally different build-up principles
and hence do not show the magic number pattern of the cage
structures.

There are many ways to extend these investigations. At
first one might stay within the given model potential and
compute MD simulations using other local minimum energy
structures as input geometries to better compare different

structures of one cluster size. Also a larger variety of differ-
ent starting conditions should be tested. To further clarify
the structural pattern found for magic number cluster struc-
tures it is also possible to force other dissociation reactions
than that investigated in this work or for that matter also
association reactions. As the TIP4P/OPLS potential is not
always reliable in producing correct energy differences be-
tween different isomers, it would also be necessary to em-
ploy better model potentials which allow for flexible water
molecules, polarisation and possibly even OH-bond rupture.
Another possibility would be to use ab initio potentials for
the simulations; however, this is still too expensive to realise
on a sufficiently large scale. Currently, we are improving the
relative energy ordering of our best structures by local re-opti-
misation at suitable ab initio levels. We are also simulating
IR-spectra in the OH-stretch region and directly comparing
them to experimental spectra [54, F. Schulz et al., in prep-
aration]. This will allow us to test our predictions of magic
number structures directly in the near future.
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